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§0. Introduction 

Let Xj c be a projective algebraic manifold of dimension n, with corresponding sheaf of regular functions 
O x . Put 

Kf x := ( 0* <8> • • ■ ® 0* )/ J (Milnor sheaf), 

k— times 

where J is the subsheaf of the tensor product generated by sections of the form t\ ® • • • ® Tfe such that 
Ti + Tj = 1 for some i and j. Put /C fc x := Image(j : 1Cjf x — + (C(X))) . Our goal is to give an simple 
and explicit description of a regulator map to a certain quotient of real Deligne cohomology, in terms of 
logarithms (for m > 1): 

Hog : H*- m (X,lCk,x) - <- m (X,R(fc))/(?), 

where we recall that 



<-'"(X,R(fc)) ~ H 2k -"^(X,K(k-l)) 



iT k ^ 1 (F k H 2k ~ m - 1 (X,C))' 

One of the reasons for constructing such a map, is the relationship between H^ r m (X, )Cff x ) and CH k (X, m) 
(Bloch's higher Chow group [Bio]), and the existence of a regulator r-p : CH k (X,m) — > H' v k ^ m (X, R(fc)). 
Further, information about the regulator r\ os , or a suitable (Beilinson type) variant tb '■ HZ7^ n {X,K¥ x ) — > 
fl|*-"*(X,R(Jfc))/(?) should yield some information about rp. 

One has an exact sequence of sheaves ((Gabber, 1992), see [MS2]): 

codimx Z—X codimx Z—k—m 

- tf*(C(Z))- K™(C(Z))^ /^(C(Z))^0, 

codimx-^— fc — 2 codimx 2— k— 1 codimx 2— ft 

M 

which clearly defines a flasque resolution of K, kx . Similarly, for a quasi-projective variety W, if we set 
CTL k (r) — sheaf associated to the presheaf U C W open i— > CH k (U,r), then there is proven in [Bio] a 
Gersten resolution: 

0^CH k (r)^ i x Ctfr*(Sp(*(aO),r)-> i ie Cfr fc - 1 (Sp(*(a;)),r-l)-f 
xew° xew 1 

i x CH k - r (Sp(k(x)),0)^0. 

xew r 

When r = k (and X = W), both resolutions in fact agree (see [MS2]), and thus one has CTL k {k) ~ K^ x . 

S 

CH k (X,m). Now if we set k = p + m, then E%~ m '~ K = H^ m {X,lC k " x ). If m < 2 then one can argue by 



Furthermore, Bloch (op. cit.) constructs a spectral sequence, E% ,q := H^ aT {X,CTi. k (— g)) =>■ CH k (X, —p — q). 
We now set p + g = -m, or -g = p + m. Note that p > 0, g < 0. So E%'~ p ~ m = H p (X,CH k {p + m)) => 



-M 



partial degeneration of this spectral sequence that CH k {X,m) ~ H^ ar m (X , K.' k x ) ([MS] (op. cit.)). 
We prove the following: 
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Main Theorem, (i) The current denned by 

-> (w -> ^ jT (-l^-ilogl/^Kdlog l/il A • • • A e? logj/^ | A • • • A d log \f m \) A tu) , 
descends to a cohomological map 

n og : H*-™{XXZx) -» #|, fe ~ ro (X,R(fc))/(?) := {ff*- 1 '*-' n (X)eff*- m '*- 1 (X)} ntf 2 *-™" 1 ^, R(fc- 1)). 

(ii) There is a similar (but more complicated, see (3.0) below) explicit description for the composite 

H*-™{XXk.x) ^{H k -^ k - m {X) ® H^^iX)} ^ H^-^iX.Hik - 1)). 

(iii) In the case m < 2, both maps define regulators Hog : CH k (X,m) — > if 2 , m (X, R(fc)), tb = r-p : 
CH k (X,m) — > H^~ m (X, R(fc)) which agree for m = 1, and up to composite (for m = 2) with the real 
operator 

J g End R ({ J H" fe - 1 ' fc - m (X) fl" fc - m>fc - 1 (X)} P|H 2fc -" , - 1 (X ) R(fc - 1))), 
10 = lUfe_i,fc_ m © Wfe_ TOj fe_i I ^ \/^Tw/ s _i i fe_ m © v/^Ttu fe _ m)fc _i. 

§1. Review of Milnor if-Theory 

We first recall the definition of Milnor if -theory [B-T] . Let F be a field with multiplicative group F x , 
and set: 

T(F X ) = ]J T"(F X ), 

n>0 

the tensor product of the Z-module F x . Thus F x ^ ffF^, sh [a]. If a ^ 0, 1, set r a = [a] <g> [1 - a] e 
T 2 (F X ). The two-sided ideal R generated by r a is graded, and we put: 

K M F = T(p . )/jR = ]J R M F ^ 

n>0 

Thus K^F is presented as a ring by generators £{a) (a e F x ) subject to: 
(i?i) £(ab) =£(a) + £(b), 

(R 2 ) £{a)£{b) = if a + b= 1, (a ^0,1). 

We summarize those results we need from [B-T] . 

Proposition 1.0. The following relations are a consequence of R\ and i?2 above: 

(i? 3 ) *(<*)*(-<*) = o. 

(R> 3 ) t(a)e(-l) = -(£(a))*. 

(R 4 ) £(a)£{b) = -£(b)£(a). [Thus K^F is anti-commutative.] 

(R5) £{a\) ■ ■ ■ £{a n ) = 0, if ai H h a n = 1 or 0, and n > 2. 

Furthermore, Z ^ if^(F), £ : F x ^ Af^F); and for n > 2, if^(F) is presented as an abelian group 
by generators £(ai), . . . ,£(a n ), a\, . . . ,a n € F x subject to 
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h,...,f m e C(Z) X 

codimx^ = k — m 



(.Ri)„ (ai, . . .,a„) h-> ^(ai) • • -£(a„) a multilinear function F x x • • • x F x — » A,^(F); 

(i?2)n • • • ^(«n) = if a, + Oi+i = 1 for some i < n. 

Example 1.1. It is customary to express i?i — > i?4 in terms of the symbol notation: 

{aia2,&} = {ai,&}{fl2,&}, 

{a, 1 — a} = 1 for a^0,l, 
{a,b} = {b,a}~\ 
{a, —a} = 1. 

Furthermore, one can easily verify that 

{a, a} = { — 1, a} = {a, a -1 } = {a~ , a}. 
Now continuing as in [B-T], we introduce k- Algebras. First, a graded ring k = ]J n>Q n n is defined by 

K = T ^W =Z [e], 

where e (of degree 1) = image of t. Thus k = Z, and for n > 1, k„ = Z 2 e™, (Z 2 = Z/2Z). In other words, 
k = ring of polynomials in the variable e with constant term Z and higher degree terms in Z 2 . 

Definition 1.2. A graded K-algebra is a graded ring A = ]J„ >0 A n equipped with a homomorphism 
k — > A of graded rings, defined by ei-» £ ii, such that e a £ Center(A). We call A a k- Algebra if further 
Ax generates A as a K-algebra and a 2 = e a a for all a £ A\. 

Example 1.3. For a field F, the map k — ► K^(F) given by e h t{— 1) gives A*(F) the structure 
of a K-Algebra. Indeed £(—1) is central because K^' 1 '(F) is anti-commutative and 2£(— 1) = 0; moreover 
(i?!,) => a 2 = e A a (namely (£(a)) 2 = £{-l)£(a)). 

Example 1.4. The free n- Algebra on a generator II is the k- Algebra 

k[X] 



«(H) 



(A 2 - eX) ' 



where A is an indeterminate of degree 1 with image n modulo A 2 — eX . Evidently, k(TT) is a free K-modulo 
with basis 1, n. For any K-Algebra A, put A(H) = A ® K k(U) — A(B AU, a free left A-module with basis 

i, n. Thus A(ii) m = A m e Am- in. 

This time we will assume given F a field with a discrete valuation v : F x — > Z, with corresponding 
discrete valuation ring O := {a £ F | i/(a) > 0}, where we assign ^(0) = oo. Let ir £ O generate the unique 
maximal ideal (ir) (i.e. v(n) = 1), and recall that all other non-zero ideals are of the form (ir m ), in > 0. Note 
that F x = O x 7r z (direct product). Let k = k(z/) be the residue field, and K^f Milnor A-theory. There is a 
map (£(tt) = n): 

: F x - (Af k(i/))(n), ^(utt*) = £(5) + m, 
with u £ k(i/) the corresponding value, and where n satisfies II 2 = £(—l)U. This induces: 

d w : AfF^(AfkM)(H). 

One next defines maps: 

flj, ft, : Af F - Af k(iz), 
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by 

d*(x) = dl{x) + d v {x)n, 

which can be shown to be independent of the choice of 7r satisfying v{tt) = 1 [B-T]. In general <9„ : K^F — ► 
K^_ 1 k(v). Thus for example, suppose we write £ = air 1 , then dn(Q = d n (^) = £(a) + iH, and thus d v {£) = i- 
In general, for £j = ajn kj , j = 1, . . . , to, we are interested in the product 

• • - + fciII)(*(o2) + fc 2 n) • • • (i{a m ) + fc m n) = ^(01) • • -f(a m ) + (?)n, 

where 

t(ai) • ■■l(a m ) = ■ ■■£{£„)), ? - • • 

A simple calculation gives: 

Proposition 1.5. 

m m 

^W6)-"^m))=5Z*;j(-l) m ~^(oi)-"^(oj)-"^(am) + intermediate terms + ( JJ kj) [£(-l)] m_1 , 
where the "intermediate terms" involve the factor £(— 1). 

§2. The basic regulator 

In this section, we define a map 

Hog : H£»(X,1C% x ) - 4 l - m (JT,R(fc))/(?) 



g 2fc-"»-l(X,R(fc-l)) 



_i(F fc ff 2fc -'"- 1 (X 



,C))/W 



, I Hodge 
' -i- projection 

{#fc-i,k-"»(j\Q e iJ fc " m ^" 1 (X)} f| H^-^iX, R(fc - 1)) 
To see how this map is defined, observe that 

ZI{f"h^%x%) " {^- 1,fc_m W © ■ ■ ■ © H k -^-\X)}f]H^—\X, R(fc - 1)) 
~^{H n - k+m > n - k+1 (X) © • • • © p|H 2 "- 2fe + m+1 (X,R(n — fc + 1)) J 

-»|{H n - fc+m ' n - fc+1 (A") © p|ff 2n - 2fc+m+1 (A', R(n - k + 1)) J . 

First, we define a current associated to a basic symbol {/1, . . . , / m } e (C(Z)), where codimx-Z = fc — to. 
Namely, the current defined by: 

(2.0) £ / (-l)^ 1 log|M(rflog|/ 1 |A---Arflog|^|A---Adlog|/ m |)A U ;, 

1=1 Jz 

where 



G { E n x k+m - n - k+1 © ^n-fe+l,n-fe+m| p |^-2fe+m+l ^ R ( n _ fc + !))} 



is a C°° differential form on X. We must first show that this current depends only on the symbol 
{fit • • ■ 7 fm} € K^(C(Z)). More specifically, we prove: 

Proposition 2.1. Suppose w is both d and d closed and that m > 2. Then fj + fj + \ = 1 for some j 

/ (-l) £ " 1 log|M(dlog|/i|A---Arflog|MA---Adlog|/ m |)A U ; = 0. 
i=i Jz 

Proof. Let F = (/i, . . . , f m ) : Z — » (P 1 ) xm ; further let (ti, . . . , t m ) be affine coordinates of (P 1 ) xm . 
By a birational modification, we can assume Z is smooth and that F is a morphism. Now let 

m 

Z = lo S l*<K dl °g l*i| A ■ ■ ■ A dlog |t/| A • • • A dlog \t m \). 

t=i 

Then 

E / (-l)'- 1 log|//|(dIog|/i|A---AdIog|MA"-AdIog|/ ro |)A«;= / {F*g) Aw = F*(w)(£), 

£ J Z J Z 

where we identify w with its corresponding current. Next, the assumption fj + fj + \ = 1 for some j => tj + 
tj+i = 1, and that consequently we can assume given a morphism F : Z — > (P 1 ) xm 1 , and a corresponding 
ij oc form £ on (P 1 ) xm , such that 

^ / (-l) £ - 1 log|Mdlog|/ 1 |A---Adlog|/,|A---Adlog|/ m |)A U ,= / (F*£)Aw. 

o i J Z J z 



But 



f (F*£)Aw = F*(w)(i); 
J z 



moreover the current F*(w) being both d and d closed implies by d regularity that F*(w) is the current 
associated to a holomorphic m — 1 form on (P 1 ) xm and its conjugate. [Note: The same satement cannot 
be said of F*(w), for Hodge type reasons!] Since m > 2, this current must necessarily be zero, hence the 
proposition. QED 

Now consider r\ <G + m_1 > n_ anc j gg^ _|_ ggjj^ an d note that dimR Z = 2n + 2m — 2k. We need to 
evaluate, for a given {/i . . . , f m } <g> Z, 

(2.2) £ / (-l) £ - 1 log|/,|(dlog|/ 1 |A---Adl^g7/ £ |A---Adlog|/ m |)A(a9r; + ^). 

1=1 " z 

First, we can assume by passing to a normalization, that Z is normal. Further, from (1.1), we can assume 
that the divisors for each of the fj, j = 1, . . . , m arc different. Let £ C Z be the support of all the divisors 
(fj), j = 1, . . . ,m, and S e C Z an e-tube around £. Now the integral (2.2) is the same as 

/ (-l)'" 1 log|//|(dIog|/i|A---AdIog|MA"-AdIog|/ m |)Ad(5»j + ^); 
e=i ^ z 

moreover by reason of Hodge type of dr\ + df\ and by the taking of residues along S, 

lim f log\f i \(dlog\f 1 \A---Adl^\fe\A---Adlog\f m \)A(dr, + drj) = 0. 
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Thus by Stokes' Theorem, the calculation of (2.2) amounts to calculating 

(dlog|/i| A---Adlog\f m \)A(dri + drj). 
We can further reduce this to a calculation of the type 

(fiA-.Af)A^ + /(flA.-AfeA^. 

Z J l J m JZ Jl Jm 

Again, by Hodge type considerations, this is the same as 

J l J m JZ Jl Jm 

and by Stokes' Theorem, this amounts to calculating 

lim(/ (flA-A&A^ / (fl A ... A fe A A 

^°\Jv c fi f m JT, c h Jm J 

By a residue calculation, this amounts to the same thing as 

t| A ■ ■ ■ A rfloijM A • • • A dlog |/ m |) A [r, + rj) 



£ [L^r-'Mh) I (dIog|/i| 



DCS 

This expression is strikingly familiar to the first term of (1.5). Indeed, if in (1.5), we set F = C(D), and 
replace £( ) by c?log|( )|, then c? log | ( — 1 ) | = and integration leads precisely to the above calculation. In 

particular, if a class in H^ i m (X,K, k x ) is represented by £, then the corresponding current associated 
to C, induced _by the formula in (2.0), is 99-closed. Next, suppose w e E n-k+m,n-k+i e gn-k+hn-k+m ig 
a real d and d closed form. For a given {/i, . . . , / m +i} ® Z, we will again assume that fj e C(Z) X , the 
divisors of (fj), j = 1, . . . , m + 1 are all different, and that we have a morphism F = (/i, . . . , / m +i) : Z — > 
(P 1 ) Xm , where codimx^ = fe — m — 1, and Z is presumed smooth. Thus we can write {/i, . . . , / m +i} ® 
Z = F*{ti, . . . ,t m+ i} (E> (P 1 ) xm + 1 j where (t\, . . . , i m+ i) are affine coordinates of (P 1 ) xm+1 . For a given 
irreducible divisor D C (P 1 ) Xm+1 , we consider the elements 

rn+l 

£,d :=J2(- 1 ) m+1 ~ j Mtj){ti,---,i j ,---,t m+ i}D, 

m+1 

Kb ■= J2 (-l) m+1 ^^fe)^log |*i | A • • • A dlog|*j| A • • • A dlog \t m+1 \. 
If we can show that 

(2.3) ]T I F*(^ D )Aw = 0, 

then by (1.5) and functoriality, we arrive at a well-defined map 

H*- m (XXk,x) -» ^{H n - k+m - n - k+ \X)®H n - k+1 - n - k+m }f]H 2n - 2k+m+ \X , 



hence by duality a map 

H ^ m ( x Xk,x) -> {H k ~ 1,k ~ m {X) ff fe - m ' fc - 1 (X)} P\H 2k - m - r {X,-R{k - 1)). 

The only irreducible codimension one D's in (P 1 ) xm+1 contributing to non-trivial £d are the following. Set 
D ,t = P 1 x • • • x {0} x • • • x P 1 , Dooj = P 1 x • • • x {00} x • • • x P 1 . Then 

£a,,< = (-l) m+1_ ^{*ij • • -,it,-- ■ ,t m +i}D 0]i 

Note that D ,£ ~ (P 1 )™ ~ L>oc,£, and that Am ~hom Ax>,<? |? (P 1 ) xm+1 . Now £ defines a <9d-closed current 
Tj of the form ^2 D J d Gd, where Go is a log form that is dd closed. By the Poincare-Lelong Theorem, we 
can write the current of integration over D, namely Sd ■= J D = ddT^ D + where ipD is log type, and 
is a d and d closed C°° form on (p 1 )X"»+ 1 ) namely the first Chern form. Note that for a C°° bump function 
ip e on (P 1 )™" 1 " 1 , zero on an e-neighbourhood S <£ of the various D's in question, 

ddT^ D (Gd) = limddT v ^ D {G D ) = \\xaT v ^ D {ddG D ) = 0. 
Thus = ^ D Jj pl j Xm+1 Gd A If we work with D = D ,e say, then 

1 dtt A dt e 



27T^T(1 + |^| 2 ) 2 ' 



This is the same form for since the Chern form depends only on the bundle. Also, as forms on 

(P 1 ) xm+1 , Gd 0i( + Gd^,^ = 0. For each D, we are essentually dealing with the calculation 

Moreover, for any current T satisfying <9<9T = F*w — T v for some C°° closed form 77, and if <^ £ is a C°° bump 
function vanishing on E< e , then 

(2.4) ddT(G D A = lim ddT((p e G D A $u) = lim T(dd(^ ■ AG D A 

and by symmetry considerations together with Gd e + Gd^ , e = 0, it follows that J2d ddT(Go A =0. 
It follows that F*w in the formula 



Y] I F*(^ D ) A w = V / G fl A$ D AF.(«)) 



can be replaced by any C°° closed form representative 77, where 

But such an 77 can thus be chosen to be zero. QED 
§3. Comparison to the Beilinson regulator 

According to [Lew3], the definition of real Delignc cohomology of a smooth quasi-projective variety U 
with good compactification U (with E := U\U) can be taken to be given by: 

Hh{U,R(p)) * W(K(p) v (U) := Cone{F^oo < E > (U) ££ R < E > (p - 1)(U)}[-1}), 
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where < E > (U) is a corresponding real logarithmic complex [Bu]. The product structure on R(p) T> , 
viz: 

H(p) v x H(q) v R(p + q) v 
can be arrived at from the table in [E-V], and is given below: 

I fq I s 9 

A- I fv^h I (-i) des/p ^(/ P ) a s 9 

s p | s p Air q (f q ) | 

This defines also defines multiplication on the corresponding description of H^,(X,R(p)) via the def- 
lon above. For instance, H^ T (U, K^jj) = H° 
r B : H°(U,Ou) -» H^(U,K(1)) is represented by 



inition above. For instance, H za.r (U, K^u) = H (U,O^), and the corresponding Beilinson regulator map 



feH°(U,OZ); r B (f) = {(|, log |/|)} e ff£(I/,R(l)). 
Now let /i, . . . , f m G C(C/) X be given. Then we have: 

{(f 1 ,iogi.fii)}U---U{(f !i ' log i /m i)> 

J 1 J m 



= { (x A • • • A ff'^ (/l ' • ' • ' fm) ) } e H ^ (t/ ' R(m)) ' 



where for example 



£(/i) - loglM; e(/i,/ 2 ) = Iog|/i|7ri#) -log|/ 2 |7ri(^); 

.12 Jl 

«/i,/a,/s) ^ logl/i^A ATT! A -logl/^A Atti A + log | / 3 |tt 2 A % 

J2 JO Jl J3 Jl J2 

^(/i,/2,/ 3 ,/4)=bg|/ 1 |7r 1 #)A7r 1 #)A7r 1 (fi)-Iog|/ 2 |7r 1 #)A7r 1 #)A7r 1 (^) 

J2 J3 H Jl J3 J4 

rdfi df 2 , A , d/ 4 n . , , . / / d/ i A d/ 2 v , df 3 s 



+ log|/3k 2 (^A^)A 7 ri(^)-log|/ 4 | 7 r 3 ((^A^)A 7 ri(^), 

Jl J2 ./4 ' Jl J 2 J3 



and so on . . . 



We want to apply this to the following setting. Fix an irreducible subvariety Z C X of codimension 
k — to, and fi, ■ ■ ■ , f m € C(Z) X . Let D C Z be the divisor supporting the zeros and poles of the fj's, 
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j = 1, . . . , m (and 2 s j ng ). Let Ux = X\D and Uz = Z\D. We refer to the following diagram. 

H*- m {xXk,x) -» {i?^ 1 ' fe - m (x)®i/' £ - m ' fc - 1 (x)}ni/ 2 ' £ - m - 1 (^R-(fc- 1)) 

/ T 

E$- m '- k {k)^CH k {X,m) -» H^~ m (X, R(fe)) 

/ I 
CH k (U x ,m) -> ^ fe - ro (C/ x ,R(fc)) 

T T 

CH m (U z ,m) -» if^(*7 z ,R(m)) 

n T T u 

Cfl 1 (l/z,l) 8m -» i?^([/ z ,R(l))® m 

We prove: 

Proposition 3.0. The Beilinson regulator 1, 

r B : H k - m {XXk,x) -> {# fe ~ 1,fc ~ ro (X) i^-" 1 '*" 1 ^)} f| H 21 *-™' 1 ^, R(fc - 1)) 
is induced by w e {#™-fc+m,n-fc+i(x) © #n-fc+i,n-k+mpQ} f| i? 2 *"™" 1 ^, R(n - fc + 1)) 

1 m /" 

i>-fc+m E J(fu--.,fm)AW. 



(27TV /Z T)" _fc+m 

Proof. Let J7x be a good compactification of i/x- In particular, we have a morphism cr : f/x — » X, 
where cr _1 (D) = D is a NCD in [Ty. Then (Ux,~D) can be used to compute the Deligne cohomology 

H* k - m {U x ,B.{k)). Let C - Ea{/i,« /-»,«} ® Z « e H k - m (X,JCk,x) be given, with correspond- 
ing image in rs(C) € H^~ m (X, R(fc)). Likewise, we have a corresponding i*(y,£) := **(X)a(~f^" A 
fc.€(/i,a, ■ ■ ■ , /m,a))) € F^"™ (t/* , R(fc)) . Then working over [fr, r B (C) - ,0 is a coboundary in 
if|> fc_m (?7x,R(A;))- Working with the second factor in the cone description of H^~ m (Ux, R(fc)), and using 
^.^-fc+m.n-fc+i ^m-fc+i.n-fc+mj c E^£* : = forms which pull back to zero on D, it follows from the 

techniques used in [Lewi] that (rsiC) — i*(-f'£))( w ) = 0^- P art ( m ) of the Main Theorem is easy and will 
be left to the reader. 



t Wherever r_B is defined. Let us refer back to the spectral sequence in §0. Note that in general for I > 1 
and any m > 0, E k -m+l-k-l = H k -J n+e (X,Cn k (k + €)). From the Gersten resolution, this involves terms 
of the form CH m ~ (C(Z),m), where codimx^ = k — m + £, i.e. dimZ = n — k + m ~ £, which cannot 
support a form w in + m > n - + 1 E x ~ +1 ' n ~ +m , since I > 1. Thus, so long as one can represent a class 
£ € ij^" 1 ' - ' = H^ T m (X , KL^x) by a lifting £ e CH k (X,m) (for example if £ lives forever in this spectral 
sequence), then rs(£) is defined and given by t\b(£) = rc>(£). 

ft Strickly speaking, r,e (() — «*( — ,£) is a coboundary current . But that current can be chosen in the dual 
space of Yi-pE^j because Ux is smooth and D C U x is a NCD. Sec [Bu] (Remark, page 562). 
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